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^ . Abstract 
(N 

^ ' In this paper, we consider a large class of subordinate Brownian motions X via subordinators 

D \ with Laplace exponents which are complete Bernstein functions satisfying some mild scaling 

' conditions at zero and at infinity. We first discuss how such conditions govern the behavior of 

the subordinator and the corresponding subordinate Brownian motion for both large and small 
time and space. Then we establish a global uniform boundary Harnack principle in (unbounded) 
open sets for the subordinate Brownian motion. When the open set satisfies the interior and 
exterior ball conditions with radius i? > 0, we get a global uniform boundary Harnack principle 
with explicit decay rate. Our boundary Harnack principle is global in the sense that it holds 
for all i? > and the comparison constants do not depend on i?, and it is uniform in the sense 
\ that it holds for all balls with radii r < R and the comparison constants depend neither on D 

■ nor on r. As an application, we give sharp two-sided estimates for the transition density and 

the Green function of such subordinate Brownian motions in the half-space. 
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^ ! 1 Introduction 
(N 

■ The study of potential theory of discontinuous Levy processes in M"^ revolves around several funda- 

mental questions such as sharp heat kernel and Green function estimates, exit time estimates and 
Poisson kernel estimates, Harnack and boundary Harnack principles for non-negative harmonic 
^ ■ functions. One can roughly divide these studies in two categories: those on a bounded set and 

_C^_' those on a unbounded set. For the former, it is the local behavior of the process that matters, 

while for the latter both local and global behaviors are important. The processes investigated in 
these studies are usually described in two ways: either the process is given explicitly through its 
characteristic exponent (such as the case of a symmetric stable process, a relativistically stable 
process, sum of two independent stable processes, etc.), or some conditions on the characteristic 
exponent are given. In the situation when one is interested in the potential theory on bounded sets. 
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conditions imposed on the characteristic exponent govern the smah time - small space (i.e., local) 
behavior of the process. Let us be more precise and describe in some detail one such condition and 
some of the results in the literature. 

Let S = {St)t>o be a subordinator (that is, an increasing Levy process satisfying 5*0 = 0) with 
Laplace exponent (j), and let W = {Wt)t>o be a Brownian motion in W^, d > 1, independent of S 
with 



Ex 



e-*ICI ^EM'^,t>0. 



The process X = {Xt)t>o defined by Xt := W{St) is called a subordinate Brownian motion. It is a 
rotationally invariant Levy process in R'^ with characteristic exponent 0(|^p). The function </) is a 
Bernstein function. Let us introduce the following upper and lower scaling conditions: 

(HI): There exist constants < 5i < 82 < 1 and oi, 02 > such that 

aiX^^cpit) <()){Xt) <a2X^^<p{t), X>l,t>l. (LI) 

This is a condition on the asymptotic behavior of (j) at infinity and it governs the behavior of the 
subordinator S for small time and small space, which, in turn, implies the small time - small 
space behavior of the corresponding subordinate Brownian motion X. Very recently it has been 
shown in [19] (see also |15] ) that if (HI) holds and (p is a complete Bernstein function, then the 
uniform boundary Harnack principle is true and various exit time and Poisson kernel estimates 
hold. Further, sharp two-sided Green function estimates for bounded C^'^ open sets are given in 
|15j . The statements of these results usually take the following form: For some R > 0, there exists 
a constant c = c{R) > (also depending on the process X) such that some quantities involving 
r G (0, R) can be estimated by expressions involving the constant c. The point is that although the 
constant c is uniform for small r G (0,R), it does depend on R, meaning that the result is local. 
It would be of interest to obtain a global and uniform version of such results, namely with the 
constant depending neither on R nor on the open set itself. This would allow to study the potential 
theory on unbounded sets. In order to accomplish this goal, it is clear that the assumption (HI) 
(or some similar condition) will not suffice, and that one needs additional assumptions that govern 
the behavior of the process for large time and large space. 

In some recent papers (see [8l[9l[12]) potential-theoretic properties of stable and relativistically 
stable processes are studied in unbounded sets such as the half-space, half-space-like C^'^ open 
sets and exterior C^'^ open sets. Note that these processes are given explicitly by its characteristic 
exponent. In the current paper we would like to impose a condition similar to (HI) that governs 
the large time - large space behavior of the process and obtain global uniform potential-theoretic 
results. Thus, in addition to (HI), we will also assume 

(H2): There exist constants < ^3 < ^4 < 1 and 03, 04 > such that 



X^^Ht) < (t){^t) < aiX^^^{t), A < 1, t < 1 . (1.2) 
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This is a condition about the asymptotic behavior of cp at zero and it governs the behavior of the 
subordinator S and the corresponding subordinate Brownian motion X for large time and large 
space. Also note that under (H2), X is transient if d > 2. 

Throughout the paper we will assume that (p is a complete Bernstein function satisfying (HI) 
and/or (H2), and Xt = W{St) will be the corresponding subordinate Brownian motion. First we 
study the consequences of scaling conditions on the subordinator S, its Levy density and potential 
density. This is done in Section 2 of the paper. In Section 3 we proceed to properties of the 
subordinate Brownian motion X. The first main result is about estimates of the Levy density 
and the Green function of X for the whole space given in Theorem 13.41 These estimates allow us 
to repeat arguments from [16^ [19] and obtain global uniform estimates of the exit times and the 
Poisson kernel, as well as global uniform Harnack and boundary Harnack principles. The latter 
will play a crucial role in this paper. 

In Section 4 we prove the main result of the paper - the global uniform boundary Harnack 
principle with explicit decay rate in open sets satisfying both interior and exterior ball conditions 
(see Theorem 14.6( b)). The key technical contribution is Lemma 14.51 which has appeared in similar 
forms in several recent papers. The main novelty of the current version is that the estimate gets 
better as the radius grows larger. Proofs of this lemma and the auxiliary Lemma 14.41 are quite 
technical and take up most of the section. 

Theorem 14.61 is used in Section 5 to obtain sharp two-sided heat kernel and Green function 
estimates of the process X killed upon exiting the half-space M = {x = (xi, . . . ,Xd-i,Xd) G M'^ : 
Xd > 0}. To the best of our knowledge, this is the first time the heat kernel estimates are obtained 
in an unbounded set for a process which is not given by an explicit characteristic exponent. 

The results of this paper, especially those of Sections 3 and 4, are used in the subsequent paper 
|21j to prove the boundary Harnack principle at infinity. This was the main motivation for the 
investigations in the current paper. 

Using the tables at the end of [23], one can construct a lot of explicit examples of complete 
Bernstein functions satisfying both (HI) and (H2). Here are a few of them: 

(1) (piX) = A" + A^, < Q < /3 < 1; 

(2) 0(A) = (A + A-)^a,/3G(O,l); 

(3) 0(A) = A"(log(l + A))^ a G (0, 1), /3 G (0, 1 - a); 

(4) 0(A) = A-(log(l + A))-^ a G (0, 1), /3 G (0, a); 

(5) 0(A) = (log(cosh(^/A)))", a G (0, 1); 

(6) 0(A) = (log(sinh(^/A)) - log ^/A)", a G (0, 1). 

We remark here that relativistic stable processes do not satisfy (H2), so the present paper does 
not cover this interesting case. We plan to address this important case in the near future. 
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Throughout this paper, d> 1 and the constants Ci, ai and i = 1, . . . , 4, wih be fixed. We use 
ci,C2, . . . to denote generic constants, whose exact values are not important and can change from 
one appearance to another. The labeUng of the constants ci, C2, . . . starts anew in the statement of 
each result. The dependence of the constant c on the dimension d will not be mentioned explicitly. 
We will use ":=" to denote a definition, which is read as "is defined to be". We will use dx to 
denote the Lebesgue measure in W^. For a Borel set ^ C M*^, we also use |A| to denote its Lebesgue 
measure. We denote the Euclidean distance between x and y in R'^ by |x — y| and denote by 
B{x,r) the open ball centered at x G R*^ with radius r > 0. For a, 6 G M, a A 6 := min{a, 6} and 
aV b := max{a, b}. For any two positive functions / and g, we use the notation /(r) x g{r), r ^ a 
to denote that stays between two positive constants as r — )• a. f ^ g simply means that there 
is a positive constant c > 1 so that g < f < eg on their common domain of definition. For any 
open D CM!^ and x & D, 5d{x) stands for the Euclidean distance between x and D'^. 

2 Scaling conditions and consequences 

Recall that a function (j) : (0, oo) — )• (0, oo) is a Bernstein function if it has the representation 

cP{X) = a + bX+ [ (1 - e"^*) n{dt) , 

J(0,oo) 

where a, 6 > and ^ is a measure on (0,oo) satisfying Jf^Q^-^i^ A t) fi{dt) < oo. A function 
(j) : (0, oo) —7- (0, oo) is a Bernstein function if and only if it is the Laplace exponent of a (killed) 
subordinator S = {St)t>o- E[exp{— AS'f}] = exp{— t0(A)} for alH > and A > 0. 
It is well known that, if is a Bernstein function, then 

(piXt) < A</>(t) for ah A > 1, t > , (2.1) 

implying 

M<m, o<u<v. 

V u 

Note that ([22]) implies 

X(p'{X) < (t){X) for ah A > 
Clearly (j2.ip implies the following observation. 

Lemma 2.1 If (j) is a Bernstein function, then for all X,t > 0, 1 A A < (j){Xt) / (f){t) < 1 V A. 

Note that with this lemma, we can replace expressions of the type (p{\t), when is a Bernstein 
function, with A > fixed and t > arbitrary, by (/>(t) up to a multiplicative constant depending 
on A. We will often do this without explicitly mentioning it. 

In the remainder of this paper, we will always assume that </> is a complete Bernstein function, 
that is, the Levy measure /u of has a completely monotone density. We will denote this density 
by fi{t). For properties of complete Bernstein function, we refer our reader to [24J. 
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(2.2) 
(2.3) 



We will assume that cf) satisfies either (HI), or (H2), or both. Note that it follows from the 
right-hand side inequality in (jl.ip that cj) has no drift, i.e., 6 = 0. It also follows from the right-hand 
side inequality in p.2|) that (p has no killing term, i.e., o = 0. Since for most of this paper we assume 
both (HI) and (H2), it is harmless to immediately assume that a = 6 = (regardless whether the 
scaling conditions hold). So, from now on, a = 6 = 0. 

Throughout this paper, we use S = {St)t>Q to denote a subordinator with Laplace exponent (/>. 
Since (/> is a complete Bernstein function, the potential measure ?7 of 5 has a complete monotone 
density u{t) (see pU Theorem 10.3] or [Ml Corollary 13.2.3]), called the potential density of S. 

Without loss of generality we further assume that 0(1) = 1. Then by taking t = 1 in (HI) and 
(H2), we get that 

aiA^i < 0(A) < a2A^2 ^ ^ > ^ ^ (2.4) 

and 

a^X^* < 0(A) < a4A'^3 , A < 1 . (2.5) 

For a > 0, we define 0"(A) = 0(Aa~^)/0(a^^). Then 0" is again a complete Bernstein function 
satisfying 0^(1) = 1. We will use ^""{dt) and ^""{1) to denote the Levy measure and Levy density 
of 0" respectively, 5" = {Sf)t>o to denote a subordinator with Laplace exponent 0", and u°'{t) to 
denote the potential density of 5". Since 



OO fOO 



0a(A) = / (1 - e-^*) /x"(t)dt, / e-^'u%t)dt = A > 0, 

Jo Jo 'pa (A) 

it is straightforward to see that 

0(a ^) 

and 

u"(t) = a'^(j){a-''^)u{a'^t) , t>0. (2.7) 

If (HI) holds, by <^ we have 

aiX^'4>''{t)<(t>^{Xt)<a2X^^(t>^{t), X>l,t>a^, (2.8) 

and if (H2) holds, by ([L2]) we have 

a3A"'^*0''(t) < (t>^{X-H) < a^X-^^'cfi^it) , A > 1, i < . (2.9) 

Thus if a > 1, by taking t = A in the display above, we get that if (H1)-(H2) hold then 

ajU^3 < 0''(A) < 03 1 < A < . (2.10) 

Now we give some consequences of the scaling relations. If < r < 1 < i?, using (12. 4p and 
(123]) . we have that under (H1)-(H2), 

^<^^<^(^y"^'' and ^y^^y^f^Y'"^'' 
(t>{r) ~ as r''4 ~ \ r J cj){r) ~ 04 ~ 04 \ r / 
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Combining these with (HI) and (H2) we get 



, rV'''^'' (t,{R) [rV^'^^^ , , 

a5 - <-TrT<a6 - , < r < i? < oo . (2.11) 



y) K"^ J 

Now applying this to </)'^, we get that under (H1)-(H2), 

as - <^-rr^<a%[-\ , a>0, 0<r<R<oo. (2.12) 



r J (j)°-{r) J 

The results in the next lemma will be used many times later in the paper. 

Lemma 2.2 Assume (HI) and (H2). There exists c = c(ai, 02, 03, 04, ^2, (^3, ^4) > such that 

/ (/.(r-2)V2 < cA-V(A^)^/^ for all X > , (2.13) 
Jo 

AM r(j){r-^) dr + r"^ (l){r-'^) dr < c(t){\^) , for all X > , (2.14) 
Jo A-i 

/ r~^c^{r-^)-^ dr < cq){X^)~^ , for all X > . (2.15) 

JO 

Proof. Taking into account (j2.1ip . the proofs of ()2.13p - (|2.15p are the same as those of [19^ Lemma 
4.1]. So we omit the proof. □ 

The following result plays a crucial role in this paper. 

Proposition 2.3 Suppose that w is a completely monotone function given by 

/•oo 

w{t)= / e-''f{s)ds, 
Jo 

where f is a nonnegative decreasing function, 
(a) R holds that 

f{s)<{l-e-^y^ s-^w{s-^), s>0. (2.16) 
(h) If there exist 6 £ (0, 1) and a, so > such that 

wiXt) <aX-^w{t), A>l,t>l/so, (2.17) 
then there exists ci = ci{w,a, so,6) > such that 

f{s) > cis~'^w{s~^), s < Sq. 
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(c) If there exist 6 G (0, 1) and a, sq > such that 

w{Xt) > aX~^w{t), for all X<1 andt <l/so, (2.18) 
then there exists C2 = 02(11), a, sq, 5) > such that 

fis)>C2S~^w{s'^), s>so. 

Proof, (a) and (b) are proved in [26] (see also [Ml Proposition 13.2.5]). 

(c) Let p := (/q" e~V(s) ds) ( e-^f{s) ds^ . Note that p = p{f, sq) = p{w, sq). For any t < 1, 
we have 

e-''f{s)ds= / e(i-*)'^e-^/(s)ds < e(i-*)^° / e-'f{s)ds 







= p^{i-t)so e''f{s)ds<p e'^'f{s)ds. 

J so J so 

Thus for any t < 1 

wit) < (p + 1) r e-^*/(s) ds=P±^ r e-^f (^) ds. 
Let t < 1 be arbitrary. For any r G (0, 1], we have 

i«'(i) < (p + 1) l{sot<s}e-'f (^) ds + {p+l) j e-n{,,,t<s}f (^) 

< (p + 1) l{sot<s}e''f (^) + (p + 1)/ (^) e-' 

< (p+l)(l-e-i)-'t^\|,„,<,|e-^iu;(^) ds + (p + 1)/ (^) e-^ (2.19) 

where in the last line we used ()2.16p . 

Now we assume (|2.18p and apply it to w{^) in (12.19p . Note that s < r < 1, and since s^t < s 
we also have that t < s/sq. Thus w{^) < a'^s^w{t) , implying that 

tw{t) < (p + l)a-i (1 - e-y twit) l{sot<s}e-'s'-^ ds + {p + l)f (^) e"^ . 

Choose r = r(a, sq, 5) G (0, 1] small enough so that 

(p + l)a-i (1 - e-i)"^ r e-^/-i ds < 



2 

For this choice of r, we have /(|) > citw{t), t < 1, for some ci = ci(a, to, a, sq) > 0. Thus 

/(■s) > ci-w (-] > C2S^^w{s^'^), s >r, 



where C2 = cir. In order to extend the inequality to s > sq it suffices to use the continuity of w. □ 

From now on, when we write that a constant c depends on (p, c = c{(j)), we actually mean that 
it depends on together with parameters 5i, at, i = 1,2,3,4, appearing in (HI) and (H2). More 
precisely, if we assume (HI), then c depends on 5i, 82, ai and 02, and similarly in other cases. 
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Corollary 2.4 (a) The potential density u of S satisfies 

u{t) <{l-e-^)-^t-^^{t-^)-^ , t>0. (2.20) 

(b) //(HI) holds, then there exists ci = ci{(j)) > such that 

u{t) >cit-^(j){t-^y\ 0<t<l. (2.21) 

(c) If (H2) holds, then there exists C2 = C2{4>) > such that 

u{t) > C2t"V(*"^)"^ , 1 < t < oo. (2.22) 

Proof, (a) The claim follows from Proposition I2.3l fal with w{t) := Jq°° e~^*n(s) ds = . 

(b) By the left-hand side of (jl.ip . w{t) = (l>{t)~^ satisfies (|2.17p with 6 = 6i, a = a^^ and sq = 1. 
The claim follows from Proposition I2.3l fb) with ci = ci{(f),ai,6i). 

(c) By the right-hand side of p.2p . w{t) = 4>{t)~^ satisfies (|2.18p with S = 83, a = aj^ and sq = 1. 
The claim follows from Proposition 12.3( c) with C2 = 02(0,04,(53). □ 

Since </) is a complete Bernstein function, its conjugate function <p*{X) := is also complete 
Bernstein. It is immediate to see that, under (H2) for (p, the function <j)* satisfies 

a^^X^-^''(l)*{t) < 0*(At) < a^^X^-^^^*{t), A < l,t < 1. 

Since the potential density u* of (p* is equal to the tail /lit, 00) of the Levy measure fi (see [H 
Corollary 5.5]), we conclude from Corollary 12.41 that 

fi{t,oo)<{l-e-^r^t-^(j)*{t-^)-^, t>0, (2.23) 
fi{t, 00) > ct- V* (i"^)"\ 1 < t < 00 , if (H2) holds . (2.24) 

Proposition 2.5 (a) The Levy density ^ of S satisfies 

/i(t) < (1 -2e"^)"4"V(i"^), i>0. (2.25) 
(h) If (HI) holds, then there exists ci = ci((/)) > such that 

/i(t) > cit"V(i"^), 0<t<l. (2.26) 
(c) If (H2) holds, then there exists C2 = C2((/)) > such that 

/x(t) > C2t"V(i"^) , 1 < t < 00. (2.27) 
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Proof, (a) This is proved in [Ht Lemma A.l, Proposition 3.3]. 

(b) This is proved in [161 Theorem 13.2.10]. 

(c) The proof is similar to the proof of (b). It follows from (|2.23|) and (|2.24|) that there exists a 
constant ci > such that q < u*{s) < ci0(s~i) for 1 < s < cx). Fix A := (2cfa4)^/^=' VI > 1. 
Then by the right-hand side of (H2), we have that for s > A, 

u*{s) < ci(/.(s-^) = ci4>{X-\X-h)-^) < cia4X-^''(t>{{X-h)-^) < claAX-^^u*{X-h) < ^u*{X~^s) 
by our choice of A. Further, 

(1 - X~^)sti{X-Ks) > r nit) dt = u^X-h) - u*{s) > u*{X-h) - -u*{X~\s) = -u*{X-h) . 

J\-^s 2 2 

This implies that for all t > 1 

Kt) > _\-i^^ t''^*it) = C5t-\*{t) > cet-'Ht-') 

for some constants C5, cg > 0. □ 

We conclude this section with some conditions on which imply (HI) and (H2). 
(Hq): There exist /3 G (0,2) and a function £ : (0,oo) — )• (0,oo) which is measurable, bounded on 
compact subsets of (0, 00) and slowly varying at such that 

(/.(A) X A''/2^(A) , A^0+. (2.28) 

(Hoc)- There exist a G (0,2) and a function £ : (0,oo) — >• (0,cxd) which is measurable, bounded on 
compact subsets of (0, 00) and slowly varying at infinity such that 

(/.(A) X A"/27(A) , A ^ 00 . (2.29) 

Using Potter's theorem (cf. [21 Theorem 1.5.6]), it is proved in |16| that (-ffoo) implies the right- 
hand side inequality of (HI). One can similarly prove that (-ffoo) also implies the left-hand side 
inequality of (HI) and that (Hq) implies (H2). 

3 Applications to subordinate Brownian motions 

Recall that S = {St)t>Q is a subordinator with Laplace exponent (j). Let W = (Wt,Fx)t>o be a 
d-dimensional Brownian motion, d > 1, independent of S and with transition density 

qit, X, y) = (47rt)~'^/2g-^^^ ^ x, y G t > . 

The process X = {Xt)t>o defined by Xt := 1^(5'^) is called a subordinate Brownian motion. It is 
a rotationally invariant Levy process with characteristic exponent (^(I^^P), S, G M'^, and transition 
density given by 

/•oo 

Pit,x,y)= q{s,x,y)F{St £ ds). 
Jo 
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By spatial homogeneity, the Levy measure of X has a density J{x) = j{\x\), where j : (0, oo) — > 
(0, oo) is given by 

POO 

j(r):=/ (47rt)-'='/2g-r2/(4t)^(i)^i, (3,1) 



Note that j is a continuous and decreasing. We define J{x, y) := J{y — x) 
By the Chung-Fuchs criterion the process X is transient if and only if 

"1 



dX<oo. (3.2) 

/o (AlA) 

Note that if d > 3, then X is always transient. If (H2) holds and d > 2(54, then X is transient. 
In particular, if (H2) holds and d > 2, then X is transient. When X is transient, the occupation 
measure of X admits a density G{x,y) = g{\x — y\) which is called the Green function of X, and 
is given by the formula 

poo 

g{r):= [A^ty^'^e-''^ /^^'\{t) dt . (3.3) 



Here u is the potential density of the subordinator S. Note that by the transience assumption, the 
integral converges. Moreover, g is continuous and decreasing. 
We first record the upper bounds of j{r) and g{r). 

Lemma 3.1 

(a) It holds that j{r) < cir"'^(/)(r~^) for all r > 0. 

(b) If d>Z then g(r) < C2r~'^(j){r^^)^^ for all r > 0. 
Proof, (a) We write 

/•r^ foo 

j{r) = / (4^t)-'^/2e-'^'/(^*V(t) dt + / (47rt)-'^/2e-'-'/(^*V(i) dt := Ji + J2 . 

Jo Jr'^ 

To estimate J2 from above we first use ()2.25p and then the monotonicity of (j) to obtain 

roo 

J2 < ci / (47rt)-^/2e-^''/(^*)t-V(t"')di 

roo 

< Cict>{r-^) t-''/^-^e-'"'^-^'Ut = C24>{r-^)r~^. 
Jo 

By ([22]) we have (l){t-'^)/t-'^ < 0(r-2)/r-2 for t < (i.e., r^^ < ^-i), thus by (^nU\\ 

2 2 

Ji <C3 r t~''/\-''/^''k-'ct>{t-')dt < c^r^{r-^) r t-'^/2-2e-^V(4*)^i 



< C3rV(r-') / f-'^/2-2e-rV(4t) ^ c4r-'^</)(r-2) 



(b) We write 

g{r) = I (47rt)-^/2g-r2/(4t)^(^) ^ I ' (4^^)-d/2g-rV(4t)^(^) _ L1 + L2. (3.4) 
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By using (j2.20p in the first inequality and the monotonicity of in the second inequality, we get 

2 2 

Jo Jo 



< C6(/>(r-2)-i / t-'^/2-ie-^'/(^*)(it = C70(r-2)-V-'^. (3.5) 
Since d > 3, using that u is decreasing in the second inequality and (|2.20p in the third, we get 

poo poo 

L2 < cs t-'^/^u{t)dt < C8u{r^) / r'^/^dt < C90(r-2)-V-'^. 

J 1^2 J ^2 

□ 

Our next goal is to establish the asymptotic behaviors of j(r) and g{r) for small and/or large 
r under (HI) or (H2), or both. 

Lemma 3.2 Assume (HI). 
(a) It holds that 

j{r) X r-'^0(r-2) , r ^ 0. (3.6) 

(h) If d > 262 and X is transient, then 

g{r) X r"'^(/.(r"2)-i ^ ^ ^ q_ (3 7) 

Proof, (a) is proved in |16[ Theorem 13.2.3], so we only prove (b). First note that the assumption 
d > 262 is always satisfied when d > 2. 

By Lemma 13.11 we only need to prove the upper bound in (|3.7p for d < 2. To do that we 
write g{r) = Li + L2 as in p.4p . First note that, by the same argument as for ()3.5p . we have 
Li < ci</>(r-2)-ir-'^. 

Let d <2 and r < 1. We split L2 into two parts: 

L2<C2 t-^/Mt) dt + C2 t-^/^e-' /^^'^u{t) dt =: L21 + L22 ■ 

Jr^ Jl 

For L21 we use (I2.20p and the change of variables t = r'^s to get 

L21 = osr-" 1^ s-'^/^- V(r-2s-i)-i ds . 
Since < r < 1 and r"^ < s^^ < 1, it follows from (jl.ip that (f){r^'^s^^)^^ < a2S^'^ (j){r^'^)^^ . Hence 

/oo 
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since the integral converges under the assumption d > 262- Note that using (HI) and the assump- 
tion that 282 < d, we have r~'^(j){r~'^)~^ > cgr^'^^-rf > ce > 0. Since L22 is bounded for r < 1 by 
[14:\ Lemma 4.4], we have proved the upper bound. 

To prove the converse inequahty for aU d > 1, we use ()2.2ip in the second inequality and ()2.2p 
in the third to get that for r < 1, 

gir) > (47r)-'^/2 {tr^r''/^e-'"/^^'''"^u{rhydt 
Jo 

□ 







Lemma 3.3 Assume (H2). 

(a) It holds that 

j{r) >ir-'^(l){r-^) , r ^ 00. (3.8) 

(b) If d > 264 , then X is transient and 

g{r) X r~'^0(r~2)"^ , r ^ 00. (3.9) 

Proof, (a) By Lemma l3.ll we only need to prove the lower bound in ()3.8p . For the lower bound 
we have 

j{r) > (47r)-'^/2 f\rh)-''l\-^l^^')^{rhydt 

1 







> cir-'^+V(r') / t-^/^e-VC^*) dt > C2r-U{r-^) 







where in the last inequality we used (I2.27p . 

(b) By (|2.5p . asA^* < (j){X) for all A < 1, so using the assumption d > 264, X is transient by (j3.2p . 
Let r > 1. By the change of variables s = jt we get that 



g{r) = csr-^+' / s^/^-^e-'/\{rh-') ds. 
Jo 

By (|2.20p . we have u{r'^s^^) < C4r^^s</>(r~^s)~^. Hence 

To estimate Li from above, we note that, by (H2), we have (f>{r~'^s) > a^s^"- (f){r~'^) , < s < 1. 
Hence 
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since the integral converges under the assumption d/2 > 84^. In order to estimate -L2, we use that 
< r~^s for s > 1, hence by the monotonicity of (/>, (j){r^'^s) > 0(r^^). Therefore, 



/oo 
s'^/^^^e-'/Us = cgr- 



For the lower bound we have 











where in the last inequality we used the left inequality in (j2.22p . □ 

We now have the asymptotic behaviors of the Green function and Levy density of X as an 
immediate consequence of Lemmas I3.2H3.31 

Theorem 3.4 Assume both (HI) and (H2). 

(a) It holds that 

J{x) ^\x\-'^(j){\x\-'^) , forallx^O. (3.10) 

(b) If d > 2(82 V 54) then the process X is transient and it holds 

G{x) >i\x\-'^4>{\x\'^y\ forallx^O. (3.11) 

We record a simple consequence of Theorem 13.41 

Corollary 3.5 Assume (HI) and (H2). There exists c > such that J{x) < cJ{2x) for all 
X / and, if d > 2{52 V 64) then G{x) < cG{2x) for all x / 0. 

Proof. By Theorem 13.41 there exists ci > such that 

J{xl \x\-''^{\x\-^) 0(k|-^) ^ 

J(2x) -''^|2x|-'^0(|2x|-2) V(4-i|x|-2) -''2' ' 

where the last inequality follows from Lemma |2.1[ The statement about G is proved in the same 
way. □ 

We also record the following property of j: There exists c > such that 

j{r) < cj{r + 1) , for all r > 1 . (3.12) 

This is a consequence of the similar property of fi{t) and is proved in \16\ Proposition 13.3.5]. By 
Corollary 13.51 we also have 

j{r)<cj{2r), r>0. (3.13) 
13 



Let a > 0. Recall that (^"^ was defined by (/)"(A) = (p{Xa~^)/(f){a-^). Let 5" = (5")j>o be a 
subordinator with Laplace exponent 0" independent of the Brownian motion W. Let X** = {Xf')t>o 
be defined by X" := Ws^- Then X" is a rotationally invariant Levy process with characteristic 
exponent 

This shows that X°- is identical in law to the process {a~^X^/^(^g^-2-^}t>o- 

The Levy measure of X"" has a density J°'{x) = j"'{\x\), where is given by 

/"OO />oo 2 



(4^s)-"'/2g-a2rV(4s)^(g) ^ aV(a~^)"bXaO ■ (3-14) 



In the second line we used (j2.6p and in the third the change of variables s = a?t. Together with 
Theorem 13.4( a). ()3.14p gives the following corollary. 

Corollary 3.6 Assume (HI) and (H2). There exists c > 1 such that for all a > and all x ^ 0, 

c-vrV(kr^) < r{x) < c|xrv(i2;r^) . (3.15) 

For a > 0, define 

<I>^(r) will be simply written as <I>(r). Then is a strictly increasing function satisfying $°(1) = 1. 
In terms of we can rewrite (|3.15|) as 

c"^ I i.i , ^ < J'^ix) < c , , ,! , , . (3.16) 



n\ 2(5iA(53) (J)af/^) /^\ 2(<52V<54) 

as ( - < ^ , N < Q6 - , a>0, 0<r<i?<oo. (3.17) 



Further, (I2.12P reads as 

r y ~ <I>"(r) 

This implies that 

pr 2 

/ ^r4-T < TTT^; — ? ^ , for ah a, r > 0. (3.18) 

Jo $«(s) - 2(l-<52 V()4) ^'^(r) ^ ^ 

The last three displays show that the process X"" satisfies conditions (1.4), (1.13) and (1-14) from 
|11| (with constants independent of a > 0). Therefore, by |1H Theorem 4.12], X" satisfies the 
parabolic Harnack inequality, hence also the Harnack inequality. Thus the following global uniform 
Harnack inequality is true. We recall that a function u : M'^ — )• [0, oo) is harmonic with respect to 
the process X" in an open set D if for every relatively compact open set B C D it holds that 

u{x) = E^[u{X^a)] for allxGB, 

where = infjt > : X^ ^ B} is the exit time of X"- from B. 
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Theorem 3.7 Assume (HI) and (H2). There exists c = c{(j)) > such that, for any r,a > 0, 

xq G M*^, and any function u which is nonnegative on M.'^ and harmonic with respect to X"" in 
B{xq, r), we have 

u{x) < cu{y), for all x,y £ B{xo,r /2). 



This theorem can be also deduced by using the approach in |16j . 

We now give some other consequences of (j2.12p and Corollary 13.61 

Let B = (Bt,¥'x)t>o be a one-dimensional Brownian motion independent of 5" and let = 
(Zf )t>o be the one-dimensional subordinate Brownian motion defined by Zt := B^S^). Let be 
the Laplace exponent of the ladder height process of Z", v'^ be the potential density of the ladder 
height process of Z", and V"'{t) = Jq f"(s)ds the corresponding renewal function. It follows from 
PI CoroUary 9.7] that 

X°(A) = exp(ljf°°'°«'f;y>.0), for alia. A >0. 

Using this and the fact that (p^iX) = (piXa-"^) / (j){a-'^) we see that x"(A) = (j){a-'^y^/'^x{></ a). This 
and the identity /q°° e~'^^v"'{t) dt = ^}(^X) ™ply that for all a > and r > 0, v°'{t) = a^J (f>{a~''^)v{at) 
so that 

t 



V''{r)= a^/ (t){a-'^)v{at)ds = ^/ (t){a-^)V {ar) , foralla,r>0. (3.19) 
Jo 

Furthermore, by combining [171 Proposition 2.6] and [1, Proposition IILl], we get 

V^{r) X — ^ = ^ ^°!!L forana,r>0. (3.20) 

Lemma 3.8 Assume (HI) and (H2). 

(a) There exists ci = ci(i?!)) > such that for any r > and xq G W^, 

^x[TB{x,,r)\ < ci {(t^{r-^)<t^{{r -\x- xo\)-^))-^'^ < c0(r-2)-i , x G S(xo,r). 

(h) There exists C2 = C2{<p) > such that for every r > and every xq G , 



inf [TB[xo,r)\ > C2<; 



r 



-2\-l 



Proof, (a) Using our (j3.20|) instead of [HI Proposition 3.2], the proof of (a) is exactly the same as 
that of [m Lemma 4.4]. 

(b) Using (j2.14p . we can repeat the proofs of [161 Lemmas 13.4.1-13.4.2] to see that the conclu- 
sions of [161 Lemmas 13.4.1-13.4.2] are valid for all r > 0. The conclusion of [161 Lemma 13.4.2] 
for all r > is the desired conclusion in (b). □ 

The function J(x,y) is the Levy intensity of X. It determines a Levy system for X, which 
describes the jumps of the process X: For any non-negative measurable function / on R+ X R'' X R'^ 
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with f{s, y,y) =0 for all y € M.'^, any stopping time T (with respect to the filtration of X) and any 



s<T 



Ex- 



(3.21) 



For every open subset D C W^, we denote by the subprocess of X killed upon exiting D. A 
subset D of is said to be Greenian (for X) if X'^ is transient. For an open Greenian set D C M°', 
let GD{x,y) denote the Green function of the killed process X^, and let Kd{x,z) be the Poisson 
kernel of D with respect to X. Then, by (|3.21|) . 



Kd{x,z)= I GDix,y)J{y,z)dy . 



(3.22) 



Proposition 3.9 Assume (HI) and (H2). There exist ci = ci{(j)) > and C2 = C2{(j)) > such 
that for every r > and xq GM.'^, 



KB{xo,r){x,y) < cij{\y - xo\ - r) {(j){r '^)(j){{r - \x - xo\) ^)) 
< cij{\y-xo\-r)<p{r''^y'^ 



for all {x,y) G B{xo,r) x B{xQ,r) and 



(3.23) 
(3.24) 



(3.25) 



KBixo,r)ixo,y) > C2ji\y - xo\)(pir ) , for all y e B{xQ,r) . 



Proof. With Lemma 13.81 in hand, the proof of this proposition is exactly the same as that of [16^ 
Lemma 13.4.10]. □ 

Let C^(M'^) be the collection of functions in which, along with their partial derivatives 
of order up to 2, are bounded. Recall that the infinitesimal generator C of the process X is given 
by 

^/(^) = / (/(^ + y)- fix) - y ■ V/(x)l||,|<,|) J{y)dy (3.26) 
for every e > and f £ C^iR"^). 

Lemma 3.10 There exists c = c{(j)) > such that for all < r < R < oo and f e C^(M'^) with 
0</< 1, 



sup \Cfr{x)\ < c,/.(r-2) ( 1 + sup V |(5V5y,-ayfc)/(y)| + 2 / J{z)d2 

y Tt^ / J\z\>R 



where fr{y) := f{y/r). 
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Proof. With Lemma 12.21 in hand, the proof of this lemma is exactly the same as that of [19^ 
Lemma 4.2]. □ 



Similarly, by following the proof of [19i Lemma 4.10] and using Lemma 13.101 instead of |19i 
Lemma 4.2], we obtain the next result. 

Lemma 3.11 For every a G (0,1), there exists c = c{(p,a) > such that for any r > and any 
open set D with D C B{0,r) we have 



F,{Xr^ £BiO,rY) < cct>{r-^) [ GD{x,y)dy, x€DnB{0, 

Jd 



ar) 



With the preparation above, we can use Corollary 13.61 Theorem 13.71 Lemma 13. 8|, Proposition 
and Lemma [3 . 1 1 1 and repeat the argument of Section 5] to get the following global uniform 
boundary Harnack principle. We omit the details here since the proof would be a repetition of the 
argument in Section 5]. Recall that a function / : M'^ — )• [0,oo) is said to be regular harmonic 
in an open set U with respect to X if for each x £ U, f{x) = Kx [f{X{Tu))]. 

Theorem 3.12 Assume (HI) and (H2). There exists c = c{<j),d) > such that for every zq E M*^, 
every open set D C M.'^, every r > and any nonnegative functions u, v in M.'^ which are regular 
harmonic in D D B{zQ,r) with respect to X and vanish a.e. in D'^ f] B{zQ,r), we have 

44 < c 44 ' foraUx,yeDn B{zo, r/2). 

4 Boundary Harnack principle with explicit decay rate 

Let D be an open set in M'^. For x G M'^, let 6qd{x) denote the Euclidean distance between x and 
dD. Recall that for any x G M'*, 6d{x) is the Euclidean distance between x and D'^. 

In this section we will assume that D satisfies the following types of ball conditions with radius 

R: 

(i) uniform interior ball condition: for every x G D with doix) < R there exists Zx G dD so that 

X — z 

\x — Zx\ = Sgnix) and B{xo,R)cD, xq '■= Zx + Rt 



\X Zx\ 

(ii) uniform exterior ball condition: for every y G M.'^ \ D with Sgoiy) < R there exists Zy G dD 
so that 

\y - Zy\ = 63D{y) and B{yo, fl) C \ D, yo := Zy + ^ ~ ^ ^ 

\y Zy\ 

The goal of this section is to obtain a global uniform boundary Harnack principle with explicit 
decay rate in open sets in satisfying the interior and exterior ball conditions with radius R for 
all R > 0. Throughout the section we assume that (HI) and (H2) hold. 
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Let Z = {Zt)t>o be the one-dimensional subordinate Brownian motion defined by Zt := W'^{St). 
Recall that the potential measure of the ladder height process of Z is denoted by V and its density 
by V. We also use V to denote the renewal function of the ladder height process of Z. We use the 
notation M. := {x = (xi, . . . , Xd-i,Xd) ■= (x, Xd) G M"^ : > 0} for the half-space. 

Define w{x) := V{{xd)'^)- Note that Zt := W'^{St) has a transition density. Thus, using [25| 
Theorem 2], the proof of the next result is the same as that of [17\ Theorem 4.1]. So we omit the 
proof. 

Theorem 4.1 The function w is harmonic in M with respect to X and, for any r > 0, regular 
harmonic in M'^-^ X (0,r) with respect to X. 

Proposition 4.2 There exists c > such that for all r > , we have 

wiy)ji\x -y\)dy < c\/0(r^. 



sup 

■.Q<Xi<Sr J B{x,rYrM 

Proof. Without loss of generality, we assume x = 0. We consider two separate cases, 
(a) Suppose 8r > > r/4. By (13.22P and Theorem 14. 1^ for every x G H, 



w{x)> / GB(x,r/2)na{x,z)j{\z -y\)dzw{y)dy . (4.1) 

JB{x,r)''nR JB{x,r/2)nR 

Since |z — y| < |x — + |x — y| < r + |x — y| < 2|x — y\ for {z,y) G B{x,r/2) x B{x,ry, using 
(j3.13p . we have j{\z — y\)> cij{\x — y\)- Thus, combining this with (j4.ip . and using Lemma IS.Sf b) 
and (I3.20p . we obtain that 

My)ji\x - y\)dy < cr V r "^"^ 1 < -I'wT^^ ^ c,^{r-'f'' ■ 

(b) Suppose Xd < r /A. Note that if |y — x| > r, then \y\ > \y — x\ — |x| > 3r/4 and \y\ < \y — x\ + |x| < 
|y — x| + r/4 < \y — x\ + \y — x|/4. Thus, using (|3.13p . we have j{\y\) > C3j{\x — y\) and 



sup / w{y)j{\x - y\)dy < C4 w{y)j{\y\)dy. (4.2) 

xeK'*: 0<a;d<r/4 J B(x,rYrm JB{0,r/2)=nH 

Let xi := (0,r/8). By Theorem O and ([3:22]) . 



V{r/9>) =w{xi)> I I GB{o,r/4)na{xi,z)j{\z - y\)dzw{y)dy . (4.3) 

JB{0,r/2Ynm JB(0,r/4)nH 

Since \z-y\ < \z\ + \y\ < (r/4) + \y\ < 2\y\ for {z,y) € 5(0, r/4) x B{0,r/2y, using (|3.13p . we have 
j{\z — y\) > C4j{\y\). Thus, combining this with (j4.3p . we obtain that 



y(r/8) > C4E^JrB(o,r/4)nH] / ji\y\)wiy)dy. (4.4) 

JB{0,r/2ynM 
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Combining dS^Q]), (|iT2]) and we conclude that 



r 

sup / w{y)j{\x - y\)dy < C5 — 

■.0<xa<r/AJB(x,r)'=nR ^0 



y(r/8) 



-2U/2 



!;^<r/4iB{a;,r)'=nH [rB(o,r/8)] 

□ 



For a function / : M"^ — t- M and x G M'^ we define 
Af{x) :=lim / 



|x-j;|>£} 

and use 'SxiA) to denote the family of all functions / such that Af{x) exists and is finite. It is 
well known that C^{W^) C Tix{A.) for every x G M"^ and that, by the rotational symmetry of X, A 
restricted to C|(M'^) coincides with the infinitesimal generator C of X which is given in (j3.26p . 

Using [m Corollary 13.3.8], Theorem l4.lt (I3.12p and (I3.13p . the proof of the next result is the 
same as these of [iTl Proposition 4.3] and [201 Theorem 3.4], so we omit the proof. 

Theorem 4.3 For any x £ M, w ^ T)x{A) and Aw{x) = 0. 

Before we prove our main technical lemma, we first need some auxiliary computations (see [15] 
for similar computations when a = 1). 

Lemma 4.4 For every M > 0, 



Proof. Note that, since t — >• t ) is decreasing, for every a, 6 > we have that 

For a > and x G (0, M/4) we define 







M 



\s-x\ ^d0a((^^ |g_^|)-2) 



L(x, a):= f" - / ' — ^dr ds 

^ ' Jo ^6/ ^ {r + \s-x\Y J 

and 







^(x,a)=/ '^"(-)l/ \i , ;„ ^1,;; ds. 



^6/ (r + |S - X 

We divide L{x, a) into three parts and then use (|4.5p to get 



L{x, a) < C2 



/ px/2 I-2X i-M\ 

/ +/ +/ \v''[^-)\x-s\r{\s-x\-^)ds=-. C2{Ll+L2+L^). 
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We consider Li,L2,L3 separately. 
First, by Lemma O and IK20\\ 

fx/2 



Li < X(/»"(4x-2) v'^ (^0 ds < 2^x4)" {x-^)^ < C3X(/.'^(x-2)i/2. 

Now applying the upper bound in (|2.12p . we get Li < C4,x^~^'^'^^^ < C4 sup^g(o^M/4) x^^^'^'^^^ < 00. 
For L2 and L3, we first note that by ()3.20p we have 

v'^ib) <l [\''{t)dt = ]-V''{b) <C5]-<j)''ib-^)-^/\ for ah 5 >0. (4.6) 
b Jo b b 

Using Lemma 12.11 and (j4.6p , we get 

L2 < V'i^) r \x - s\r{\s - x\-^)ds 
^-L2/ 

f-2x 

Jx/2 



€/2 

Jo (P^ix ^) 

Now applying (j2.12p twice we get, 

/•X / J. \ -2((52V(54) i-x 
L2 < CjX-'x-'^'''^ J t i^-j dt = C7X-^+'^^^^^ j tl-2(52V54)^i. 

Thus L2 < C8xi"(^'2^'^4) < cgM^-^'^aV'^*) ^ 

For L3, we use Lemma l2.H ()4.6p . the upper bound in ()2.12p and the fact that |s — x| > s/2 for 
s > 2a;. Then we get 

fM rM 

L3< v" 

J2x J2x 

< cio / </."(s-2)^/2ds < Cii / s-(^2V54)^^ < 00. 

J2x Jo 

Thus sup„>o,xe(o,M/4) ^(a^,o) < 00. 

For A{x, a), we use a change of variables to get 



Thus we have 

rx/2 />2z /-AfX / /■2A/ 



A{x,a)<{ I + + / 0"(r-^)drUs=:Ai+^2+^3. 
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We consider each part separately. 

First, for s E (0,x/2), we have x > 2s. Thus 2\x — s\ = 2{x — s) > x and so by (j3.20p and 



Ai< J V- (-) ds j r{r-^)dr = d^V^ (-) j r{r-^)dr 

2M Aaf„-2\ c2M f2M 



For s £ (2x, M), we have s < 2(s - x) = 2|s - x|. Thus, by (|MD and (f2l^ . 

< Ci7 / / (s/r)^i^^^</.'^(r-2)l/2^^j5 < / s-l+5iA53 / ^-(5iA53+<52V54)^^^^_ 

J2x Js J2x Js 

Thus if (5i A (53 + ^2 V (54 > 1, 

As < C19 / >,-l+'5iA535l-('5iA53+feV54)^g < / 5-'52V54^^ < 
J2x Jo 

If (5i A (53 + (52 V (54 = 1, 

I'M 

As < C20 / s-^+^^^^^ \n{M/s)ds < C21 sup x^'^^^ ln{M/x) < 00. 

J2x xeCCMM") 



If (5i A (53 + (52 V d^4 < 1, 

/•M f2M fM 

A3 < Ci8 / / ^-(5iA53+52V54)^^^5 < / 

J2x JO 7o 

Finahy we consider A2. By (f46]l and (i2T2]l . 

/•2x / /■2M \ 

^2 < C23X-V"(^"')"'/' / / r{r-^)dr ds 



^-l+5lA53^S < 00. 



C23X 



Jx/2 \J2\s-x\ j 

A/2 *"(2:-=)V' \k,-,\^{\s-A--'-Yi'-*^ ' ) 



l-2x <52V<54 / r2M \ 

< C24X-1 / r--js^ I {\s- x|/r)^^-^3,-^.v.4rf, ^s 

Jx/2 \S — X\ ^ 4 yJ2|s-x| J 

p2x ( I-2M \ 

= C24X-^+^^^^W |s-x|^i^^3-52V<S4 / ^-5iA<S3-<S2V54^^ 
A/2 y72|s-x| j 

< 2c24X-l+^2^'^^ ^5iA53-52V54 (^j^'' ^-5lA53-52V54^^^ 
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Thus, similar to ^3, we can consider three cases separately and get 

' rl-S2y8i if 5i A53 + (52 V(54 > 1; 



A2 < C25 < 



A(53 



ln(2M/x) if 5i A (53 + ^2 V (54 = 1; 

if (5i A (53 + (52 V (54 < 1. 



Therefore we also have that sup^-^o. 



xe(0,M/4) 



A{x, a) < 00. The proof is now complete. 



□ 



Lemma 4.5 Let D be an open set in M'^ satisfying the exterior ball condition with radius R. Fix 
Q € dD and define 

h{y) := V {Soiy)) ^DnBiQ,R/2){y)- 

There exists Ci = Ci{(j)) > independent of Q and R (and D) such that h € T)x{~A.) for every 
X £ DnB{Q,R/8) and 

\Ah{x)\ < Ci^J ct){R-'^) for allx e DnB{Q,R/8). (4.7) 

Proof. In the proof we assume that d >2, the case d = 1 being simpler. We fix j; G Dr]B{Q, R/8) 
and let xq G dD be such that S^ix) = \x — xq\. By the exterior ball condition with radius R there 
exists a coordinate system CS = CSxq so that x = (0, x^) and 

B{xo, R/2) nDc{y = iy, ya) G 5(0, R/2) in CS:yd> -Vij(y)}, 

where ipR^y) := R— sjR? — |yp in CS. 

For the remainder of the proof we fix the coordinate system CS. Let B^ be the half space 
{y = (y, yd) in CS -.yay 0} and define 

Ar := {y = {y,yd)€iDUH+)nB{x,R/8):-iPR{y)<yd<i^Riy)}, 
Fr := {yeB{x,f):yd>ijRm. 

Note that, since \y — Q\ < \y — x\ + \x — Q\ < R/A for y G B{x, R/8), we have 

B{x,R/8)r\D C B{Q,R/4)r\D. (4.8) 

Let hx{y) := V{6^^{y)). Note that h^^x) = h{x). Since 5^^{y) = {yd)~^ in CS, it follows from 
Theorem 14.31 that Ah^ is well defined in B'^ and 

Ahx{y) = 0, \/yeB+. (4.9) 

We show now that A{h — hx){x) is well defined. For each small e > we have that 

/ \h{y) - hx{y)\j{\y - x\) dy 

J{yeD: \y-x\>e} 
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< / {hiy) + h^{y))j{\y - x\)dy + / {h^{y) + h{y))j{\y - x\) dy 
+ [ \h{y)-h^{y)\j{\y-x\)dy=:h+l2 + h. 



We claim that 



ii + /2 + /3 < Ci VHR~^) (4.10) 

for some positive constant Ci > 0. Since (j4.10p implies that 

l{yeDUH+: \y-x\>e}\Ky) " K{y)\ji\y - x\) 

< ^AnuBi.,friHy) + hAy))j{\y - ^1) + ^pMy) - hAy)\ji\y - ^1) e l\r'') , 

by the dominated convergence theorem the limit 



lip / (Hy) - hx{y))j{\y -x\)dy 

eiO J{yeDUH+:\y-x\>£} 



exists, and hence A{h — hx){x) is well defined and \A(h — hx){x)\ < Ciy^(j){R 2). By linearity and 
(j4.9|) . we get that Ah{x) is well defined and < Ciy^c/y^R^"^). Therefore, it remains to prove 

Since h{y) = for y G B{Q,Ry, it follows that 



h < / V{yd)j{\y - x\)dy + V{R) / j{\y - x\)dy 



< sup / V{yd)ji\z-y\)dy + V{R) ji\y\)dy 

z&K'': 0<za<RJB{z,fYnH+ J B{0,f y 

=:Ki + V{R)K2. 



By Proposition 112] we have that Ki < c^/4>{R-'^). Moreover, by Lemma ETH ([3T20|) and (pJij) . 



V{R) / j{\y\)dy < C2V{R) / r~^cl){r-^)dr < OiV{R)^{R-^ /6A) < Ciy^^(lF^. 

For h, we use scaling. Let = R'^x, = R'^Q and E = B{{0, -1), 1)'= in CS. Then by 
and 

iyiSD{y)) + Vi6H+{y)))lDnBiQ,R/2)iy)ji\y-x\)dy 

{y={y,yd)(^DnB{x,f):--^ltiy)<ya<i>R(y)} 
< [ V"" {5E{z))lEr,B^Qay,)iz)j''{\z - x%dz 

J{z={z,za)&EnB{xR,ly.-iJi{r,<za<M^} 



^0 J\z\=r 



(^\Jr^ + \zd - x^p^ md-i{dz)dr 
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where m^-i is the surface measure, that is, the {d — l)-dimensional Lebesgue measure. Noting that 
1 — ^Jl^^\z\^ < |zp = for \z\ = r, we obtain 



mrf_i ({z = {z, Zd) ■ \z\ = r, — 1 + \/l — < -^d < 1 — \/l — r^}) < c^r'^ for r < ^ . 



Since V is increasing and 1 - v^l - |z|2 < |I|2 < | z\ we deduce < y^(2^/>i(z)) < 

y^(2|I|). Thus by (fXTUD and p:^ . 



, 1 



^0 J\z\=r 



where (j2.12p is used in the third inequahty. 

To take care of I3, we first use scahng. Let D := {z : Rz € D} and := {z G B{x^, |) : > 
. Then by (imi) and (pm|) we have 



\v{SD{y)) -v{SH+{yWi\y - x\)dy 

_ > . .. _^ D . / d2 I~I21 

8 • 



jfr 

In order to estimate /a, we consider two cases. First, if < = 6^^ (z) < 6jj{z), we have 

- V^iSH+i^)) < V'izd + lip) - = / v''{t)dt < Izl'v^'izd), (4.11) 



2d 



since is decreasing. 

If Zd = S^^{z) > 6fj{z) and z £ Fr, using the fact that (5g(z) is greater than or equal to the 
distance between z and the graph of tpi and 

zd-i + a/IIP + (1 - zrf)2 = < I3i^<|j|2 yzepR, 

we obtain 

V^iSnAz)) - {6q{z)) < r v''{t)dt < (1 - V|2^P + (l-^rf)2) . (4.12) 



By diTT]) and gl2|). 



/3 < / \zfv\zd)f{\x^ - Z\)dz 

JFRn{z:za<5g{z)} 



JFRn{z:Zd>Sg{z)} ^ ^ 
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Since 

FrC{z = {z, Zd) G M.'^ : \z\ < (1/4) A ^J2zd-zj and < < 1/2}, 
changing to polar coordinates for z and using Lemma \27l\ (13.150 and (I3.20p . we get 



Thus by Lemma 14.4^ Li < oo. 



Let us estimate L2. Switching to polar coordinates for z and using ()3.15p . we get 



I v^{l - ^r-' + {l-Zdfyf{{r^ + \zd - x^\^f'^)dr\ dza 

^f+l / /■V2^d-^1 ^;^(1 - y/r2 + (1 - Zd)2)0-f?((r + \zd - x^\y^) a 



/O \J0 

Since, for < r < 1, 



> ^ J2zd-zi-r 



and J 2zd — z'j < a/(1 — Zd)/2 < 1 for < < + |, we have 



d 8 



i /-V^^ ( ^(aA^^ - - ) ^""{{r + \zd - 



Using the monotonicity of v^, with a := y2zd — z"^ and h ■.= \zd — we have 







(r + 6)" 



-r dr 



JO V'^ + ") J a/2 -J 

6 Jo (r + b)"* ^ 6 

■.=Bi{zd) + B2{zd). 



Since -^/i^ < \ 2zd — z"^, by Lemma 



^H^r+jzd-x^\)-')^d^ 
{r + \zd - 



Bi{zd)dzd < I ' v^{zd/6) I ^ )';^ ' rUrdzd < 00. 
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Using the inequalities < a < \/2zd and < ^/zd < \zd — xf\ + y^, then Lemma ETT] and 
(j3.20p . and then the upper bound in (|2.12p we get 

Since 1 + (52 V ^4 < 2, we have 

1 1 



S C132; , (p [z, ) ' < C142; , 



/ B2{zd)dzd < ci4 / ^^"^''^^'^■'^''^dzd < 00. 
Jo Jo 



Thus L2 < 00. □ 



Theorem 4.6 (^aj There exist a = a{(f)) G (0, 1) and ci = ci(<^) > such that for every open set 
D satisfying the interior and exterior ball conditions with radius R > 0, any r < aR and Q E dD, 

E^[TDnBiQ,r)] <ciV{r)V{SD{x)), for every xe DnB{Q,r). (4.13) 

(b) There exists C2 = C2(</>) > such that for every open set D satisfying the interior and exterior 
ball conditions with radius R> 0, r G {0,R], Q & dD and any nonnegative function u in M.'^ which 
is harmonic in D D B{Q, r) with respect to X and vanishes continuously on n B{Q, r), we have 



"-t\ ^^m/ItI^ for every x.y^Dr^BiQJ^). (4.14) 

uijj) y 0((5d(x)-2) 

Proof. Without loss of generality, we assume Q = 0. Define 

h{y) := V{6Diy))lB{o,R/2)nDiy) ■ 

Let / be a non-negative smooth radial function such that f{y) = for \y\ > 1 and J^^ f{y)dy = 1. 
For A; > 1, define fk{y) = 2^'^f{2^y) and 

h^''\z):={fk*h){z):= I fkiyMz-y)dy, 



and for A > 8 let B^ := {y e D D B{0, X'^R) : SonBio,x-^R)iy) > 2"'=}. Since h^''^ is a C°° function, 
Ah^^^ is well defined everywhere. Then by the same argument as that in [17\ Lemma 4.5], we have 
for large k 

- Ci^/(t){R-^) < Ah^^'^ < C7iv^</.(i?-2) on Bl , (4.15) 

where Ci is the constant from Lemma 14.51 

bmce is in C^{M.'^) and that A restricted to coincides with the infinitesimal generator 
C of the process X, by Dynkin's formula, with (t(A, k) := t^x 



r^^''^ Ah^''\Xt)dt = E,.[/iW(X,(;,,,))] - fix) . (4.16) 



26 



Using (|4.15p - (|4.16p and then letting A; oo we obtain that for all A > 8 and x e Dn B{0, A ^R), 

- Civ^(/)(i?-2)E^ [rDnB(o,x-^R)] 



V{6d{x)) = h{x)>E, 



h X., 



and 



Since 



h X, 



Dn-B(0,A-lH) 



(4.17) 



(4.18) 



j{\y - z\) > j{\y\ + \z\)> j{2\y\) > cij{\y\), V(z, y) G {D n B{0, X-^R)) x B{0, X'^Rf, 
we get 

/ / GDr,B{o,x-^R){x,z)j{\z -y\)dzV{6D{y))dy 

J(B{0,R)\B{0,\-^R))nD JDnB{0,\-^R) 

> ciE, [r^nB(o,A-iH)] / j{\y\)V{6D{y))dy. (4.19) 

J {B{0,R)\B{0,X-^ R))nD 

The remainder of the proof is written for d >2. The interpretation in the case d = 1 is obvious. 
By the interior ball condition with radius R there exists a coordinate system CS = CSq so that 



B{0,R)nDD{y = {y,yd)£B{0,R) in CS : R - ^/R^ - \y\^ < ya}. 

For the remainder of the proof we fix the coordinate system CS. For y £ B{0,R) with R 
— |yp < yd, we have 



6D{y) >R- ^/\W + {R-yd? 



>{2R)-' (^^2Ryd-yj + \y\^ (j2Ryd 



Vd - \y\ 



>{2VR)-^^d^j2 - {yd/R) {j2Ryd-yl - |y|) > ^ {j2Ryd-yl - \y\ 
For y G 5(0, i?) with \y\ < yd, 

R - ^/W^W <R- ^Jr^ - yj = £ < yd, 

which implies that 



(4.20) 



B{0, R) n {\y\ < yd} C {y = {y, yd) G B{0, R)mCS:R- V^' " \W < Vd}- 
For y £ B{0, R) with 2\y\ < yd we have by (g^D]), 



6D{y)>^{VmV2R^d-{yd/2))>:^{V2ir~^^ 



2^/R 



4-2^5 



(4.21) 
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Thus, by changing into polar coordinates and using (j4.2ip . we have 

/ m)Vidniy))dy > [ j^\y\)viM.)dy 

J(B(Q.R)\B(0.\-^R))nD J Uv.VH):2\v\<v^.\-^R<\v\<m 



'(B(0,R)\B(0,A-iR))nD J {{y,ya):2\y\<yd,X-''R<\y\<R} 

>C2 r j{r)V{-^y-Ur. 



JX-^R 

By Lemma EH 1^^, (IXTO|) and IK20\i . we have that for r < R, 



Thus 



[ m)ViSDiy))dy > C4(</.(i?-2A2)i/2 _ 0(ii-2)i/2) . (4.22) 

J(B(0,i?.)\B{0,A-i_R))nD 

Now combining ()4.19p and ()4.22p . we get 

(^-z,nB(o,.-i.))] ^ C5 [cPiR-^X")'/^ - E,. [r^nB{o,A-i/?)] ■ (4.23) 

Thus by (HT7D for every xe Dn B{0, A^^i?), 

V{5d{x)) > (C50(i?-2A2)V2 _ + Ci)<A(i?-')^/') E.[TDnBiO,X'^R)] ■ (4.24) 

Without foss of generahty we assume as < 1 (the constant in (|2.1ip ). Let Aq := (205 (1 + 
Ci/c5))i/('^i^'^3) V8. Recah from ([2TT]) that 

(t>{t) > a5S^^^^''(l){s'H) for every s > 1 and t > 0. (4.25) 

Applying this with t = XqR^^ and s = Ag > 1, we get that for A > Aq, 

(^{R^^X^) > <^{R-^\l) > a5(A2)^i^^3^(^-2) > + Ci/c5f<P{R-^) . 

Hence for every A > Aq 

c,^{R-'X')'/' - (C5 + C^)<PiR-')'/' > |0(fl-2A2)i/2_ (4 26) 

Combining ()4.24p and (j4.26p . we have proved part (a) of the theorem with a = Aq ^. 

To prove (b), we first consider estimates on h first. Combining (j4.18p and (I4.24p . we get 



h Xr 



> 



Let 

Ai := ((3Ci+C5)/(c5af))^/('^"'='^Ao. 
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Applying (|4.25p with t = Afi?~^ and s = Af > 1, we get that for A > Ai, 

(l){R-^X^) > (k{R-^Xl) > a5(A?)^^^^-^0(i?-2) = (3Ci + c^fcfc^{R' 
Hence for every A > Ai, 

2Clv/^(iF2) < C^^{R-^\^f'^ - (C5 + Ci)0(i?-2)l/2. 

Combining (OTtl - fOHI) . we have for every x e D r\ B{0, X^'^R), 



'I3n_B{0,A-ljJ) 

Moreover, by ^J3), and (f06|) . for every A > Aq and a; G I? n B{0, X'^R), 

E 



(4.28) 
(4.29) 



h X., 



DnS(0,A-lfl) 



<y(5D(x)) + C7i7^(iF2)E4 

<il + 2Ci/c5)V{6D{x)). (4.30) 



<y(5D(:r)) 1 + 



2Ci 



Now we assume r G (0, i?] . Let n be a nonnegative function in R"^ which is harmonic in Dr\B{{), r) 
with respect to X and vanishes continuously on D'^ n i?(0,r). Note that < r/(2Ai) < r/Ai = 
R(RXi/r)^^ . Thus by applying Theorem 13.121 to u and v(x) := ¥,x[h(Xj- )] first and then 

by applying (|i:29|) ~ (fO0]) (with A = RXi/r), we obtain that for every x,y e Dn B(0, r/(2Ai)), 

u{x) v{x) V{Sd{x)) fmM 



-2^ 



u(y) v{y) V{5D{y)) " V '^i'^^'la; 

When X or y in n (-6(0, r/2) \ i?(0, r/(2Ai))), we first use the standard chain argument and then 
apply the above result. □ 



5 Heat kernel estimates in the half-space 

Recall that p{t,x,y) is the transition density of X and ^ stands for the function $(r) = l/(/)(r~^), 
r > 0. We use ^>~^(r) to denote the inverse function of Since X satisfies [111 (1.4), (1.13) and 
(1.14)], by [lit Theorem 1.2] the following estimates for p(t,x,y) are valid: there exists ci > such 
that for all {t,x,y) G (0,oo) x M'^' x R'^, 

""^^ iw^W ^ ^0 " " iw^W ^ ^0 ■ ^^'^^ 

It is known (see [TT]) that the killed process X^ has a transition density pnit, x, y) with respect 
to the Lebesgue measure that is jointly Holder continuous. In a recent preprint [10], sharp two- 
sided estimates on pd(^) a;, y) for bounded open sets have been established for subordinate Brownian 
motions under weaker conditions. 

The goal of this section is to get sharp two-sided estimates for pu{t, x, y), and, as a consequence, 
sharp two-sided estimates of the Green function GH(a;, y). 
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Lemma 5.1 There exists c = c{(f)) > 1 such that for every {t,x,y) € (0, ,oo) x H x H, 

Proof. Let c{t) := sup^ ^^-^d p{t/3, z, w) . By the semigroup property and symmetry, 

Pm{t,x,y)= / / pM{t/3,x,z)pm{t/3,z,w)pm{t/3,w,y)dzdw < c{t)¥x{m> t/3)Wy{m> t/3). 
Jm Jm 

Now the lemma fohows from Lemma l2.H (jS.ip and \22\ Theorem 4.6]. □ 

The next lemma and its proof are given in [7J (also see [5^, Lemma 2] and [6, Lemma 2.2]). 

Lemma 5.2 Suppose that Ui,U3,E are open subsets ofW^ with Ui,!!^ C E and dist([/i, f/s) > 0. 
Let U2:= E\ {Ui U U3). If x £ Ui and y G U3, then for all t > 0, 



PE{t,x,y) < Pa; (Xru, e U2) sup pE{s,z,y) + E^; [t[/J sup J{u,z) . (5.2) 
^ ^ \s<t,z€U2 J \ueUi,zeU3 J 

Lemma 5.3 There exists c = c{(t)) > such that for every {t, x, y) € (0, 00) x H x H, 



PH(t,x,y) < c /^iM^Alj ((^T^ A tJ{x,y) 



Proof. By (15. ip and Lemma l5. 11 it suffices to prove that 



Pm{t,x,y) < ciVt^J^{5m{x))J{x,y) 5m{x) < <^ ^{t) <\x - y\. (5.3) 

We assume 5n{x) < ^~'^{t) < |x - y| and let xq = (x,0), Ui := S(xo, 8"^$"^(t)) n M, U3 := 
{z £ m : \z - x\ > \x - y\/2} and U2 ■.= M\ {Ui U U3). Note that, by Lemma O and Theorem 
14.6( a). we have 

E.[rc/J < C2ViVH5^(^. (5.4) 
Since C/i n f/s = and |z — x| > 2~^|x — y\> 2^^^^^{t) for z £ U3, we have for u £ Ui and z £ U3, 

\u — z\ > \z — x\ — \xo — x| — |xo — u\ > \z — x\ — 4^^^^^{t) > -\z — x\ > -\x — y\. (5.5) 



Thus, by (fXT3]) . 



sup J{u,z) < sup J{u,z) < C3j{\x — y\). (5-6) 

ueUi,zeU3 {u,z):\u-z\>^\x-y\ 



liz£ U2, 



^\x - y\ > \x - y\ + \x - z\ > \z - y\ > \x - y\ - \x - z\ > > 2"^$"^(t). (5.7) 
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Thus, by (|XT3|) . (|5TD and (fSTTD . 

sup p(s,z,y)<C4 sup tJ(z,y) < C5tj(|x - 2/1). (5.8) 

s<t,z&2 |a:-J/|/2<|2-j/| 

Applying Lemma [Ol (|5.4p . (|5.6p and (|5.8p . we obtain, 

Pm{t,x,y) < CQE^[Tu^]j{\x - y\) + ceF^i^Xr^^ £ U2^tj{\x - y\) 

Finally, applying Lemma 13.111 and then (15. 4p , we have 

P,(X,^^ G C/2) < r^[Xr,,^ G 5(xo,8-i$-i(t))^) < C8^E,[rc;J < C9t-i/V^('^H(x)). 
Thus we have proved (|5.3p . □ 



Proposition 5.4 There exists c = c{(j)) > suc/i i/iai for all (t, x, y) G (0, , 00) x H x 

Proof. By Lemma 15.31 and the lower bound of p{t,x,y) in (15. ip . there exists ci > so that for 
every z,w G H, pe(i/2,x,2;) < ci(y^ <I>((5H(2;))/t A l)p(t/2, x, z). Thus, by the semigroup property 
and the upper bound of p{t, x, y) in (|5.ip . 

PH(t,x,y)= / pH(*/2,x,2:)pe(i/2,2;,y)c?2; 



□ 



Lemma 5.5 There exists c = c{(f)) > such that for any t > and y G W^, 

(TB(2/,8-i<I>-l(t)) > V3) > c. 
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Proof. By [IH Proposition 4.9], there exists e = e{<j)) > such that for every t > 0, 

Suppose £ < 5, then by the parabohc Harnack inequahty in jllj . 

ciPB{y,8--^'S>-Ht)){^t,y,w) < Pij(j;,8-i$-i(t))(*/3,y,'i^) for G 16"^ ^>"^ (t)) , 
where the constant ci = ci(0) > is independent of y € M^. Thus 

1^2/ (•^B(j/,8-i'I>-i(t)) > V3) = / PB(y,8-^'S>-^t)){t/^,y,w)dw 

JB(y,8-i<f-iW) 

> ci / PB(y,8-^<s>-Ht)){£:t,y,w)dw > ^. 

JB{y,16-^'S>-^{t)) ^ 

□ 

The next result holds for any symmetric discontinuous Hunt process that possesses a transition 
density and whose Levy system admits a jumping density kernel. The proof is the same as that of 
[8i Lemma 3.3] and so it is omitted here. 

Lemma 5.6 Suppose that Ui,U2,U are open subsets ofW^ with Ui,U2 C U and dist([/i, [/2) > 0. 
If X G Ui and y £ U2, then for all t > 0, 

puit,x,y) > tF^{Tu,>t)¥y{Tu^>t) inf J{u,z). (5.9) 

ueUi, zeU2 

Lemma 5.7 There exists c = c{(j)) > such that for allt > andu,v E M*^ with \u—v\ > ^^^{t)/2, 

PB{u,<S>-^t))UBiv,'S>-m)){t/S,U,v) > Ctj{\u-V\). 

Proof. Let U = B{u,^-^{t)) U B{v,^-^{t)), Ui = B{u,^-^{t)/8), U2 = B{v,<^-'^{t)/8) and 
K = iniw^Ui, zeU2 ~ ^\)- We have by Lemma [516] that 

pu{t/3,u,v) > 3-^KtF^{Tu, > t/3)F^{Tu, > t/3) . 

Moreover, for {w, z) G f/i x U2, \w — z\ < \u — v\ + \ w — u\ + \ z — v\ < \u — v\+ ^~^{t)/4 < ||u — w|. 
Hence by (|3.13p K > cij{\u — v\). Thus by Lemma [53| 

puit/3,u,v) > 3-^Kt (Po(Ts(o,$-i(t)/8) > t/3)f > C2tj{\u-v\). 

□ 

Lemma 5.8 Suppose that D is an open subset o/M'^ and {t,x,y) G (0, 00) x D x D with 5z)(x) > 
^ 2|x — y\. Then there exists c = c{<j)) > such that 

PD{t,x,y) > c($-i(t))-'^. (5.10) 
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Proof. Let t < oo and x,y ^ D with 6d{x) > ^ ^{t) > 2\x — y\. By the parabohc Harnack 
inequahty (fill Theorem 4.12]), there exists ci = ci(0) > such that 

P£){t/2,x,w) < cipD{t,x,y) for every w G 2<I>~^(t)/3). 

This together with Lemma 15.51 yields that 

1 



PDit,x,y) > 



PD{t/2, X, w)dw 



ci \B{x,^-^{t)/2)\ 7ij(^,$-i(t)/2)- 
> C2($-^(t))-^P4rB(,,$-i(i)/2) >t/2) > C3($-^(t))- 



□ 



where q = Ci{(j)) > for i = 2, 3. 

For any a; G EI and a,t > 0, we define Qx{a,t) := 0), a$"^(t)) n H . 

Lemma 5.9 There exists c = c{(p) > such that for all {t,x) G (0,oo) x H with 6m{x) < ^~^{t)/2, 



'x(rQ,(2,t) > t/3) > c- 



Vt 



Proof. We fix {t,x) G (0, oo) x M with Smix) < $ ^(i)/2. The constants ci,...,cs below are 
independent of t and x. Without loss of generality we assume that x = and let Q{a, t) := Qo{a, t), 
and X2 := (0, i< 



xi := (0, |^>~H0) and X2 := (0, j'^'^it)). Note that, by Levy system and ([XT3]) . 



GS(xi,4-i$-i(t)) 



'"i3(:c2,4-l-S-l{t)) 



/ / 



'B(a;i,4-i'I>-i(t)) JB(x2,4-i$-i(t)) 

> ciEo[r^(o,4-i$-i(t))] 



GB{x2A-''<s>-Ht)){xi,y)dyJ{y,z)dz 
J{z)dz. 



'B(a;i,4-i<I>-i(t)) 

Applying Theorem I3.4l fa) and Lemma I3.8l fbl to the above display, we get 
Thus, by Theorem I4.6r b). 



Now, using this. Lemma 15.51 and the strong Markov property. 



■Q{i,t) 
(3{i,t) 



^Q{2,t) > i/3) : ^roa.*) ^ B{x^A^'^'\t)) 



^Q(l,i) 
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"^(TBd,,!-.*-.^) > '/3)p^(x,^p„ € B(rci,4-i$-"(t))^ 
> ca(x.„., 6 B(.,.4-'*-(*))) > ..vWe)). 
This proves the lemma. □ 



Recall that denotes the unit vector in the positive direction of the x^-axis in W^. Now we 
are ready to prove the main result of this section 

Theorem 5.10 There exists c = c{4)) > 1 such that for all {t,x,y) G (0, oo) x H x H, 



Proof. By Proposition I5.4| we only need to show the lower bound of pm{t,x,y) in the theorem. 
Fix x,y gM. Let xq = (x,0), yo = (y,0), Ccc ■= x + 32^-\t)ed and Cy := y + 32^-^{t)ed. If 
6mix) < ^-^{t)/2, by Lemmas ESI ES and EH 

pm{t/3,x,u)du 

B(5.,2<i.-i(t)) 

>i P.- {rQ^{2,t) > t/3) inf J(t;, w)] [ P„ (rB(^,,4*-i(t)) > V3) 

>citP, (rQ^(2,t) > t/3) t-H^-\t))-''Fo (tb(o,8-i$-iw) > V3) \B{^,,2<^-\t))\ 

>C2^x [TQ^(2,t) > t/3} > C3 ^= . 

On the other hand, if Sm{x) > $~^(t)/2, by Lemmas 15.51 and 15.61 

/ pM{t/3,x,u)du 
JB(e^.2<s>-^(t)) 



>t] 



(inf J{v,w) / 

i.6S{a:o,2<I.-l{t))nH / j£ 

i"SS{Ci:,4«-l{t)) / 



'x{TBix,8-^'S>-Ht))nm> t/3) I inf / F„ (tb(^ 4^-1 (t)) > t/3) d« 



>C5Po (TB{0,8-l'I>-i{t)) > */^)^ - "^e- 



Thus 

(5.11^ 



/ Pe(t/3,x,.)d.>cJlA^?M^5 
Js(c,,2$-i(i)) V 
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and similarly, 

/ PM{t/3, y, u)du > cr I 1 A V^E^M ) . (5.12) 

iB(e„24.-i(i)) \ vt y 

Now we deal with the cases |x — y| > 5<I>^^(t) and |x — y| < 5<I>^^(t) separately. 
Case 1: Suppose that \x — y\> 5$~^(t). Note that by the semigroup property and Lemma [5771 



I I pu{t/3,x,u)pM{t/3,u,v)pM{t/3,v,y)dudv 

JB(£„.2'S>-^(t)) JB(£^,.2'S>-^(t)) 

Pm{t/3, X, u)pB(u,<s>-Ht))uBiv,<;>-Ht)){t/^, v)pM{t/3, v, y)dudv 



> 



>cst inf j(\u — v\ 

\(«,^^)eiJ(5. ,2$-i (t)) X B(C„2$- 1 (t)) 



/ / pu{t/3,x,u)pM{t/3,v,y)dudv. 

iB(£„,2$-im) iB(e,,2$-l(i)) 



'Bfe,2$-l(t)) yB(C,,2$-l(i)) 

It then follows from ([5TT]) - (j5J2|) that 

Pu{t,x,y)>c,t( inf ji\u-v\)) (\[^^^Al] (.[^^Al]. 

(5.13) 

Using the assumption \x-y\ > 5<I>"^(t) we get that, for u G B{(_x, 2^^^{t)) and v G B{(_y, 2^^'^{t)), 
\u — v\ < 4^~^{t) + \x — y\ < 2\x — y\. Hence 

inf i(\u — v\) > cio7'(|x — -ul). (5.14) 

By (|5.13p and (|5.14p . we conclude that for \x - y\ > 5<l>"^(t) 



PH(t,a;,y) > cii I Y A 1 I I Y A 1 I tj{\x-y\}. 

Case 2: Suppose \x-y\ < 5<I>~^(t). In this case, for every (u,v) G B{^x,2^^''{t)) x B{(_y,2^^^{t)), 
\u — v\ < 9^'^^{t). Thus, using the fact that 5h('^x) A SM{(,y) > 32<I>~^(t), there exists wq £ M such 
that 

BiC,,2<^~\t))UB{Cy,2<S>~\t)) C Biwo,6^-\t)) C B{wo,l2<S>-Ht)) C M. (5.15) 
Now, by the semigroup property and ()5.15p . we get 

Pn{t,x,y) 

> / pMit/3,x,u)pB(nio,i2<P-m))i't/^,u,v)pMit/3,v,y)dudv 

JB{£y,2<i>-Ht)) JB(5,,2<I.-l(i)) 



35 



>( inf ^PB(wo.i2'S>-m)){t/3,u,v)] / / pMit/3,x,u)pm{t/3,v,y)dudv. 

\u,veB{wo,e<S>'^t)) ' / yB(5y,2$-i{t)) JB{Ca;,2*-i{t)) 

It then follows from ([511]) - ([5J2]) and Lemmas O and EJ] that 

Combining these two cases, we have proved the theorem. □ 

Note that by using Theorem 13.41 we can express the sharp two-sided estimates for pu{t,x,y) 
solely in terms of the Laplace exponent <j). 

By integrating out time t from the estimates in the preceding theorem, we can obtain sharp two- 
sided estimates of the Green function. Since the calculations are long and somewhat cumbersome, 
we only state the result and omit the proof. We refer the readers to [10] for similar calculations. 

Theorem 5.11 (i) For all d> 1 there exists ci = ci{d, (/)) > such that for all {x, y) G EI x H, 



\x-y\'^ \ <I>(|x - y I <I>(|x - I ■ 

(ii) Ifd> {52 V ^4), then for all (x, y) gMxM, 

\x-y\'^ y H\x - y\y/^ ) H\x - y\y/^ ) ■ 

(iii) There exists 02 = C2{d,(j)) > such that for all {x,y) G H x H with ^(6m{x))^ {6^(11)) < 
H\x-y\f, 

<l>{6nix)y/'H5u{y))'/' 

(^m[X,y) < C2 j . 

\x — y\"- 

(iv) Ifd=l and 61 A 63 > 1/2, then for all {x, y) gMxM, 

^, . ( ^(%(x))V^cD(^h(^))1/2 ^{5u{x)f'''H5m{y)Y'^ \ 
UM[x, y) ^ 1 ^_,^^^^^^^^y/2^sMy/^) \x-y\ l 
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